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ABSTRACT: Surface plasmon resonances conﬁne electromagnetic ﬁelds to the nanoscale, producing high ﬁeld strengths
suitable for exploiting nonlinear optical properties. We examine
the prospect of detecting and utilizing one such property in
plasmonic metals: the imaginary part of the cubic susceptibility,
which corresponds to two plasmons decaying together to
produce high energy carriers. Here we present ab initio
predictions of the rates and carrier distributions generated by
direct interband and phonon-assisted intraband transitions in
one and two-plasmon decay. We propose detection of the
higher energy carriers generated from two-plasmon decays that
are inaccessible in one-plasmon decay as a viable signature of
these processes in ultrafast experiments.

■

plasmon decay. 11−14 The latter process involving the
cooperative decay of multiple plasmons to high energy carriers
could ﬁnd applications in surface spectroscopy, surface
chemistry, or other imaging techniques enhanced by plasmonic
interactions.15−17 The microscopic mechanisms in plasmon
decays (to carriers and eventually heat) across various energy,
length, and time scales are still a subject of considerable
debate.18−21 Carriers generated from plasmon decay have been
shown to drive high-barrier chemical reactions, both directly on
the metal surface22 and via resonant energy transfer to
semiconductors.23 An open question in plasmonic catalysis is
the possibility of driving diﬃcult reactions using up-converted
carriers with higher energy from two or more plasmons
decaying together, which we address in this Article.
Here we focus on the cubic susceptibility χ3, since it is an
intrinsic fundamental property of the material (unlike χ2, which
is a surface/geometric property). The cubic nonlinearity in
metals is much larger than in semiconductors, especially at low
frequencies, due to the Drude response divergence at zero
frequency. An important question is whether the nonlinearity is
conservative (Re χ3) or dissipative (Im χ3). Directly measuring
the inherent metal nonlinear susceptibility, especially with

INTRODUCTION
Plasmonic systems are promising for manipulating light at the
nanoscale.1−3 By conﬁning light within tens of nanometers of
the surface, surface plasmon polaritons (SPPs) enhance light−
matter interactions and make it possible to access nonlinear
eﬀects.4 Centrosymmetric materials such as face-centered and
body-centered cubic metals do not possess intrinsic quadratic
nonlinearities. Nevertheless, these metals display an eﬀective
second order nonlinearity that arises from symmetry breaking
at the surface,5,6 which is inevitable in plasmonics. They also
possess intrinsic third order nonlinearities detectable in the
optical response.7−9 High-intensity light, such as from a
femtosecond optical pulse, incident on the metal surface
perturbs the energy-momentum distribution of electrons from
equilibrium, thereby inﬂuencing SPP propagation and introducing eﬀective two-plasmon interactions. The complexity of such
nonlinear processes, both for localized plasmons and
propagating SPPs, necessitates the development of general
theoretical and computational techniques to aid experiment
analysis as well as to provide a deeper insight into the involved
physics.
A wide variety of applications stem from these higher-order
plasmonic processes. Devices with ultrafast femtosecond
switching times and modest switching energy requirements
may be achieved by leveraging nonlinear plasmonics and active
plasmonic switching.10 Nonlinear plasmonic phenomena also
ﬁnd potential applications in energy systems and catalysis,
including plasmonic heating and hot carrier up-conversion in
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phase information, to answer the above question is somewhat
challenging. Numerous experiments measure the optical
response of nanoparticle composites and deduce the metal
nonlinear susceptibility indirectly using predictions from
eﬀective medium theory.24 On the other hand, z-scan
experiments on metal ﬁlms25 lead to values of χ3 diﬀerent
than those extracted from composites.7,26 Ultrafast experiments
also have been used to estimate the cubic optical nonlinearity in
bulk gold,27 but so far these estimates are indirect, depend on
assumptions about laser pulse durations and excited carrier
lifetimes, and are extremely sensitive to instantaneous
intensity.6,28
Previous theories also propose measurements of surface
plasmon polariton collisions.29−31 More fundamentally, since
surface plasmons are electromagnetic modes (photons)
conﬁned to metal surfaces, multiplasmon decay can also be
explored using conventional two-photon measurements on
plasmonic systems,32−34 with the distinction between plasmons
and photons being on- versus oﬀ-resonance. The limit in
exploring such measurements currently is that predictions of
intrinsic nonlinear optical properties of plasmonic metals and
theories of multiplasmon decay or the associated carrier
dynamics are not yet available. This Article uses ﬁrst-principles
calculations of the microscopic processes underlying multiplasmon decay to address such questions.

Figure 1. Feynman diagram representation of single and two-plasmon
processes that correspond to Im χ1 and Im χ3, respectively. Re χ3 is the
conservative response, whereas Im χ3 is the dissipative response of the
material. Both direct and phonon-assisted processes are important to
capture the dominant processes at all frequencies.

absorption or emission of phonons to excite an electron−
hole pair with net crystal momentum. Fermi’s golden rule for
the contributions due to the Feynman diagrams shown in
Figure 1 yields36

■

THEORY
In this work, we focus on the imaginary part, Im χ3, of the cubic
susceptibility for two reasons: First, this corresponds physically
to two plasmons (or photons) exciting an electronic transition
in the material with the sum of their energies, resulting in
higher energy carriers than the corresponding transitions
induced by single plasmons which contribute to Im χ1. This
opens up the unique possibility of electrically detecting the twoplasmon process by distinguishing carrier energies, as we
discuss later. Second, the imaginary parts of the susceptibility
have a closer connection to the electronic structure properties
of the material such as the joint density of states at a given
frequency. They are computationally tractable and easier to
interpret physically compared to the real parts (Re χ3), which
require additional frequency integrals in the Kramers−Kronig
relations.35
We consider processes involving one or two plasmons of the
same mode, frequency and polarization, in order to keep
manageable the number of variables explored below (material,
geometry, frequency, carrier energy, intensity etc.). The
extension to plasmons of diﬀerent modes is straightforward
but that does not lend any additional insight, and we therefore
omit such cases here for simplicity. With a single plasmon
frequency ω, the one plasmon process Im χ1 then excites
electronic transitions with energy ℏω, whereas the two-plasmon
process excites those with energy 2ℏω.
Previously we analyzed the one-plasmon process (Im χ1) in
great detail36 and showed that we can quantitatively account for
experimental decay rates with ﬁrst-principles calculations of
direct and phonon-assisted transitions. Figure 1 shows the
Feynman diagrams associated with these processes. The direct
transition absorbs a plasmon and creates an electron−hole pair
with net zero crystal momentum, which is possible only above
the interband threshold energy Et. Direct transitions dominate
above this threshold and are forbidden below it. Below
threshold, Im χ1 is dominated by phonon-assisted intraband
transitions, which derive momentum from the additional
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Here, εqn and fqn are the energies and Fermi occupations of
electrons with wave-vector q (in the Brillouin zone BZ) and
band index n, ℏωkα, and nkα are the energies and Bose
occupations of phonons with wave-vector k and polarization
index α, while ⟨v⟩qn′n and gkα
q′n′,qn are electron velocity and
electron−phonon matrix elements, respectively. The sum over
± accounts for phonon absorption as well as emission. Above,
Ê is the electric ﬁeld direction and χ is, in principle, a rank-2
tensor that depends on this direction, but we deal here with
face-centered cubic metals for which the above expressions are
isotropic by symmetry.
We calculate all the above quantities directly from ab initio
calculations employing an accurate relativistic DFT+U
approach.37 The band indices n,n′ implicitly count spinorial
bands so that there is no factor of 2 from spin degeneracy in
Fermi’s golden rule, while the electron-plasmon (velocity) and
electron−phonon matrix elements explicitly trace over spinorial
degrees of freedom in the electronic states. Note that the
electron-plasmon matrix element also corresponds to the
relativistic A·p gauge coupling, except that we write the vector
potential A in terms of the electric ﬁeld E in the radiation
gauge, and the electron momentum p in terms of velocity v to
simplify prefactors. Also note that we account for all the lowestorder diagrams that contribute to Im χ1 above (and similarly Im
χ3 below). Loop diagrams on the propagators are implicitly
B
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approximated in the DFT treatment of electrons and phonons
and the dielectric function treatment of plasmons, while we
neglect vertex corrections from higher-order loop diagrams. See
the Methods section for a summary of computational
parameters and refs 36 and 37 for more details on the theory
and approximations.
The two-plasmon process (Im χ3), similarly, includes direct
and phonon-assisted contributions (see Figure 1). The lowest
order process involves two plasmons decaying together to
excite an electronic transition with the sum of their energies.
However, the total plasmon momentum is still negligible

compared to electron momenta requiring the initial and ﬁnal
electron states to have the same crystal momentum, which
implies that the total energy of the transition must exceed the
interband threshold energy Et. Therefore, this process
dominates above plasmon energies Et/2. Again, phonons can
provide momentum to excite transitions with diﬀerent initial
and ﬁnal electron crystal momenta and this process dominates
below the two-plasmon threshold energy Et/2. Analogously to
the one-plasmon case, the Feynman diagrams for these
processes evaluate to

In this case, the direct contributions involve a second-order
matrix element with a single sum over intermediate bands (n1),
whereas the phonon-assisted contributions involve a third-order
matrix element with a double sum (n1,n2).
The imaginary part, η, of each energy denominator in eqs
2−4 corresponds to the line width of the intermediate
electronic state involved in that energy denominator. However,
as we discuss in detail in ref 36, the singular on-shell parts of
higher order Feynman diagrams in metals involving phonon
absorption or emission in the initial or ﬁnal states count the
sequential processes consisting of optical excitation followed or
preceded by electron−phonon scattering multiple times. We
eliminate this multiple counting by using an extrapolation
scheme in η that subtracts only these redundant singular
contributions. (See ref 36 for details.) Similarly, in this case, we
use the extrapolation scheme for η in eq 2 and in the ﬁrst and
last terms in the matrix element of eq 4 so as to not count
redundant sequential processes. On the other hand, eq 3 and
the second term in the matrix element of eq 4 correspond to
physically meaningful sequential two-plasmon decay, so we set
η to the corresponding intermediate electron line width in
those terms. In all cases, the sum of the initial and ﬁnal electron
line width sets the width of the energy-conserving deltafunction (from Fermi’s golden rule). We calculate these
electron line widths ab initio as well, using Fermi’s golden
rule for electron−electron and electron−phonon scattering
contributions. The calculated line widths depend on electron
energy and band index; we use these state-dependent values
directly in the above expressions. See ref 36 for details of these
scattering calculations and plots of the carrier lifetimes (ℏ/(2
line width)) as a function of energy.

direct transitions are allowed at all energies, but dominate only
above a threshold energy of approximately 1.6 eV. Phononassisted intraband transitions dominate below these threshold
energies, and the cumulative contributions agree very well with
experimental measurements (ellipsometry) for all four metals.36
The DFT predictions are typically within 50% of reported
measurements, which is better than the agreement between
diﬀerent measurements of the dielectric functions of plasmonic
metals.38 The dominant errors in our predicted Im χ3 are due to
small discrepancies in the DFT+U positions of the d-bands in
the noble metals (aluminum without d bands shows much
better agreement), and we expect similar relative accuracy in
our predictions for Im χ3 below. These accuracies could be
improved, in principle, by performing GW quasiparticle band
structure calculations,39 but the correct approach for such
calculations of metals is not yet clear,40 and so far, our DFT+U
band structures have proven to compare best with experimental
measurements.37
Qualitatively, Im χ3 exhibits a similar frequency dependence
in all cases, except that the energy scale is halved since two
plasmons combine to excite the transition: direct transitions are
allowed and dominate above half the interband threshold
energy, while phonon-assisted intraband transitions dominate
below it. Measuring Im χ3 of plasmonic metals is challenging
because the ﬁeld inside the metals is much smaller than external
ﬁelds making it diﬃcult to reliably access the nonlinear regime
in continuous wave measurements. Few estimates of this
quantity are available from pump−probe pulsed laser measurements such as ref 27 for gold, which ﬁnds χ3 ∼ 7 × 10−9 esu ∼2
× 106 au for 1 eV photons, which agrees reasonably with the ab
initio predictions shown in Figure 2, within the relative
accuracy discussed for Im χ1 above.
As discussed above, Im χ1 and Im χ3 are losses that
correspond to exciting carriers in the metal. Experimentally
determining the energy distributions of the generated carriers is
extremely challenging, but ab initio calculations provide this
information directly. The integrands in eqs 1−4 each
correspond to an electronic transition that leaves a hole behind

■

RESULTS
Figure 2 shows the cumulative contributions of direct and
phonon-assisted processes to Im χ1 and Im χ3 for aluminum
and the noble metals. Direct transitions dominate Im χ1 above
the interband threshold for d → s transitions at approximately 2
eV for copper and gold and 3.5 eV for silver. In aluminum,
C
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Figure 2. Comparison of contributions to linear and cubic
susceptibilities, Im χ1 and Im χ3, as a function of frequency in (a)
gold, (b) silver, (c) copper, and (d) aluminum. Direct transitions
dominate Im χ1 above the interband threshold energy Et and Im χ3
above Et/2. The lines labeled ‘+phonon’ show the total contributions
from direct and phonon-assisted transitions, and the latter dominate
Im χ1 and Im χ3 below Et and Et/2 respectively. The experimental
estimates for Im χ1 are obtained from ellipsometry.38 Note that χ1 is
dimensionless, and we plot χ3 in atomic units where 1 au = (e-bohr/
Hartree)2 ≈ 3.8 × 10−24 (m/V)2 [SI] ≈ 3.4 × 10−15 (cm/statvolt)2
[ESU].

Figure 3. Energy distributions of hot electrons and holes generated
due to single plasmon decay (left panels) and two-plasmon decay
(right panels) in (a) gold, (b) silver, (c) copper, and (d) aluminum. In
each panel, the carrier energy varies from left to right and the plasmon
energy from front to back. The color scale indicates the relative
contributions of direct transitions (dark red) and phonon-assisted
transitions (white). The carrier probabilities (vertical axis) are
normalized for each plasmon energy such that a uniform distribution
would be 1, as seen approximately for the single plasmon results of
aluminum and below threshold for the noble metals.

of energy εqn and generates an electron of energy εqn′ (or εq′n′ in
the phonon-assisted case). While computing the integrals for
Im χ1 and Im χ3, we histogram the contributions by these
electron and hole energies to predict the generated hot carrier
distributions. Figure 3 compares the energy distributions of hot
carriers generated by one-plasmon (Im χ1) and two-plasmon
(Im χ3) processes as a function of plasmon energy for the four
common plasmonic metals. Below threshold, the phononassisted transitions generate ﬂat distributions of electrons and
holes extending from zero to the plasmon energy in Im χ1 and
to twice the plasmon energy in Im χ3, seen in the Figure as the
light gray plateaus in the foreground. Above threshold, direct d
→ s transitions produce high energy holes and lower energy
electrons in the one-plasmon process in the noble metals, seen
in the Figure as the dark red hills in the background.
Additionally, transitions between the conduction bands
produce low energy holes and high energy electrons in silver;
this process is not accessible in one-plasmon processes in
copper and gold, but opens up in the two-plasmon processes in
all three noble metals. Aluminum exhibits ﬂat distributions of
carriers for one and two-plasmon processes despite the
contribution of interband transitions, but an additional
transition generating predominantly high-energy electrons
opens up in the deep ultraviolet at a plasmon energy of ∼5
eV. The asymmetries between electrons and holes, and the gaps
in certain energy and frequency ranges of the carrier energy
distributions, are consequences of the selection rule in directtransitions requiring pairs of states with the same crystal
momentum straddling the Fermi level, as discussed in detail
previously for the one-plasmon decay process.36,37
A key signature of the two-plasmon process seen above is the
accessibility of interband transitions at energies far below the
one-plasmon process. These transitions speciﬁcally generate
high-energy electrons or holes, that could inject across high

barriers in meta-insulator interfaces, or into energy levels of
adsorbed molecules that are far from the Fermi level. With
careful selection of adsorbed molecules or functionalizing
ligands that only respond to high energy carriers, the latter
process could be useful for discerning the two-plasmon process
from the one-plasmon process in surface-enhanced Raman or
photoluminescence experiments.
So far, we have discussed the frequency dependence of the
one and two plasmon processes including the resulting hot
carrier distributions excited in the metal. In any given
experiment, both types of processes would always occur, but
the relative probabilities of the two change with the electric
ﬁeld in the metal, which in turn depends on the incident light
intensity and metal geometry. Speciﬁcally, the absorbed power,
and hence the net hot carrier generation rate, due to the oneplasmon process is proportional to ∫ dr Im χ1E2(r), and that
due to the two-plasmon process is proportional to ∫ dr Im
χ3E4(r), where E(r) is the electric ﬁeld inside the metal.
Therefore, the relative contributions of one and two-plasmon
processes for a given geometry and incident light intensity
depends on the average E2 and E4 inside the metal. For
simplicity, we consider two prototypical geometries for which
the ﬁeld distributions can be evaluated analytically: the semiinﬁnite metal slab and a metal sphere. For the slab, we assume a
roughened surface with ideal coupling (since a smooth metal
surface reﬂects most of the incident light) and for the sphere we
calculate the ﬁeld proﬁles and averages using Mie theory.41,42
D
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employ norm-conserving pseudopotentials, a 30 hartree kinetic
energy cutoﬀ on the plane-wave basis, and the PBEsol44
generalized gradient approximation for the exchange-correlation functional, with a rotationally invariant + U correction45
for localized d electrons. All calculations are fully relativistic,
accounting for spin−orbit eﬀects self-consistently, which is
essential for accurately reproducing the quasiparticle band
structure in agreement with photoemission measurements.37
We additionally calculate the phonon band structures and
electron−phonon matrix elements (which accurately predict
electrical resistivities of metals within 5%36) and recast all
electron and phonon properties in a basis of localized Wannier
functions.46 We then evaluate the matrix elements for arbitrary
Feynman diagrams involving electron−light and electron−
phonon interactions using the Wannier-basis Hamiltonian to
interpolate to arbitrary wave-vectors in the Brillouin zone. This
enables us to evaluate integrals over the Brillouin zone in the
Fermi Golden rule for various processes (direct and phononassisted, one- and two-plasmon decays, eqs 1−4) using a dense
Monte Carlo sampling with ∼107 points. See ref 36 for details
of the Wannier formulation of electron−phonon−optical
diagrams and details of the Wannier and phonon calculations.

Figure 4 compares the one- and two-plasmon contributions
for the ideal-coupling slab and spheres of two sizes as a function

■

DISCUSSION AND CONCLUSIONS
We examine nonlinear losses in metals using ab initio electronic
structure calculations and predict the relative contributions and
carrier energy distributions from one and two-plasmon decay.
We show that the contribution of two-plasmon decay (Im χ3)
becomes comparable to that of one-plasmon decay (Im χ1)
only at instantaneous incident light intensities ∼1016 W/m2,
both for surface plasmon polaritons and localized surface
plasmons. Geometry aﬀects the relative contributions by
changing the ratio of the average E4 and E2, where E(r) is
the electric ﬁeld inside the metal. This electric ﬁeld can be
enhanced somewhat in sharp geometries, for example, by
focusing surface plasmon polaritons,47 but plasmonic ﬁeld
enhancement primarily boosts the ﬁeld outside the metal.
Experimentally accessing the regime where two-plasmon
decay dominates, by increasing the incident intensity by
shaping the pulse either in time or space (focusing) is
challenging because the absorbed power density will rapidly
destroy the material. For example in gold at 2 eV, where the
two/one-plasmon contribution ratio peaks assuming ideal
coupling (Figure 4), the electric ﬁeld at which this ratio
becomes unity is ∼10−3 au (Figure 2). At this ﬁeld intensity, the
total absorbed power per unit volume in the material ∼10−8 au
∼ 1022 W/m3. Given that ∼109 J/m3 is suﬃcient to melt gold,48
this necessitates that the incident light be restricted to ∼10−13 s,
that is, 100 fs. Therefore, accessing the two-plasmon dominant
regime before melting the particle is at the limit of current
pulsed laser measurements. This makes it particularly unlikely
that multiplasmon cooperative decay processes play any
signiﬁcant role in hot carrier generation at continuous-wave
solar intensities, and we expect plasmonic catalysis to remain in
the domain of conventional single-plasmon decay processes.
Instead, we propose that practical signatures of the twoplasmon decay process employ the carriers generated from the
decay. These carriers carry energy up to twice the maximum
energy of those generated from conventional single-plasmon
decay, and can potentially access semiconductor bands or
molecule energy levels that are inaccessible to the dominant
lower order decay. The carrier distribution predictions of this
work, as shown in Figure 3, can therefore guide the design of

Figure 4. One- and two-plasmon decay rates per photon ﬂux for
various geometries in (a) gold, (b) silver, (c) copper, and (d)
aluminum as a function of plasmon energy at a reference instantaneous
intensity of 1012 W/m2. The one-plasmon decay rates are independent
of intensity and the two-plasmon decay rates increase proportionally
with intensity. The geometries aﬀect the instantaneous electric ﬁeld
and hence the relative contributions of one and two-plasmon
processes: the left panels show results for a roughened metal surface
assuming ideal coupling, the center panels for a 20 nm sphere and the
right panels for a 100 nm sphere.

of frequency for the four plasmonic metals considered above.
Results are shown per incident photon for a reference intensity
of 1012 W/m2, which corresponds, for example, to a 100 nJ
pulse with width 100 fs focused to a 1 mm2 spot size. The oneplasmon contribution per photon is independent of light
intensity (linear response), whereas the two-plasmon contribution per photon increases linearly with light intensity. For
the ideal coupling slab at this reference intensity, the twoplasmon process is consistently 3−4 orders of magnitude
weaker than the one-plasmon process, with a weak frequency
dependence of this ratio for all four metals. For the spheres, the
ratio varies much more with frequency and peaks at the
localized surface plasmon resonance frequency, where the
electric ﬁeld intensity inside the metal is strongest. Note that
the two-plasmon process would dominate over the oneplasmon process in any of these metals or geometries only
for an instantaneous pulse intensity that is 4 orders of
magnitude larger, that is, ∼1016 W/m2.

■

METHODS
We calculate electronic band structures, wave functions and
optical matrix elements of the plasmonic metals, gold, silver,
copper and aluminum, using the open-source plane-wave
density-functional theory software, JDFTx.43 These calculations
E
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A.; Crooks, R. M.; George, M. Z-Scan Measurement of the Nonlinear
Absorption of a Thin Gold Film. J. Appl. Phys. 1999, 86, 6200−6205.
(26) O’Donnell, K. A.; Torre, R. Characterization of the SecondHarmonic Response of a Silver/Air Interface. New J. Phys. 2005, 7,
154.
(27) Zheludev, N. I.; Bennett, P. J.; Loh, H.; Popov, S. V.; Shatwell, I.
R.; Svirko, Y. P.; Gusev, V. E.; Kamalov, V. F.; Slobodchikov, E. V.

plasmon-enhanced Raman or photoluminescence measurements that utilize up-converted carriers from multiplasmon
decay.
Future extensions of this work to explicitly account for
conﬁnement eﬀects would be useful to examine the possibility
of enhancing two-plasmon carrier generation in small metal
nanostructures. We expect the dominant eﬀect to be alteration
of the electron-plasmon matrix element to include intraband
transitions (since crystal momentum conservation is no longer
required), in addition to aterations of the electron and phonon
density of states. Experimental design for ultraconﬁned
geometries will also need to carefully account for competing
quadratic nonlinearity processes at the surface, but these cannot
generate up-converted carriers, which we believe will remain
the key to detect and exploit the cubic-nonlinearity twoplasmon decay process.
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