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of solar cells.2,20,22−25 However, a key element missing from
previous analyses of photovoltaic eﬃciency is the eﬀect of band
ﬁlling for semiconductors with nonabrupt band edges, wherein
the electron−hole quasi-Fermi level splitting can thereby
modify the absorption spectrum and therefore the radiative
emission spectrum as well. This voltage-dependent absorption
eﬀect was ﬁrst recognized by Parrott26 as being necessary to
make the detailed balance formulation self-consistent. Perhaps
the most intuitive description of why this is necessary is found
by examining the generalized Planck’s law:27

S

ince the seminal work of Shockley and Queisser,
assessing the detailed balance between absorbed and
emitted radiative ﬂuxes from a photovoltaic absorber has
been the standard method for evaluating solar cell eﬃciency
limits.1−3 The principle of detailed balance is one dictated by
reciprocity and steady state, so that photons can be absorbed
and emitted with equal probability. This basic principle has
also been extended to evaluate the eﬀects of multiple
junctions,4,5 hot carriers,6,7 nanostructured geometries,8,9
multiexciton generation,10,11 subunity radiative eﬃciency,12
and many other solar cell conﬁgurations and nonidealities to
estimate limiting eﬃciencies via modiﬁcations to the detailed
balance model.
Another important modiﬁcation to the Shockley−Queisser
model is to examine the assumption of an abrupt, step-like
onset of the density of electronic states and absorption
coeﬃcient. Speciﬁcally, it has long been recognized from
spectroscopic measurements of semiconductors that band
edges are often not abrupt and that the density of states and
absorption functions can be characterized by a band tail. This
was ﬁrst recognized by Urbach,13 who found the absorption
coeﬃcient for a variety of materials below their bandgaps to be
characterized by an exponential tail:
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SPL(E) = a(E)S bb(E , Δμ)

where
S bb(E , Δμ) =

2π
h3c 2 exp

E2

( E −kTΔμ ) − 1

(3)

and SPL(E) describes the luminescence ﬂux, a(E) is the
absorbance, E is the photon energy, Δμ is the quasi-Fermi level
splitting, h is Planck’s constant, and c is the speed of light. A
clear singularity occurs at E = Δμ, which is typically ignored in
detailed balance calculations because for a step-like absorbance
function, we have E ≥ Eg > Δμ. As a result, the −1 in the
denominator is neglected and Boltzmann statistics are
assumed. Clearly, the situation must change if we consider
energies E < Eg, as is the case when band tails aﬀect the
luminescence spectrum. In this case, the absorptivity must be
modiﬁed such that a(E = Δμ) = 0, and in general the
absorption coeﬃcient is occupation dependent:

(1)

where α0 is the absorption coeﬃcient value at the energy of the
bandgap; Eg is the bandgap of the material, and γ is referred to
as the Urbach parameter, which describes the rate at which the
absorption coeﬃcient goes to zero. The magnitude of the
Urbach parameter can be inﬂuenced by impurities and disorder
and is typically attributed to ﬂuctuations in the electrostatic
potential within a semiconductor. Urbach tails have been
observed in a wide range of absorber materials including
amorphous, organic, perovskite, II−VI, III−V, and group IV
semiconductors.14−20 While the Urbach exponential tail is the
most prominent functional form observed for band tail states,
other forms such as Gaussian band tails have been reported,
and diﬀerent functional forms have been attributed to the
underlying physics of those systems.21 In most cases, the band
tail can be characterized by an exponential with an argument
raised to some power.
Recent detailed balance analyses have also suggested how
this important eﬀect, i.e. a departure from a step-like
absorbance spectra, can also degrade the limiting eﬃciency
© XXXX American Chemical Society

(2)

α(E , Δμ) = α0K(E)(fv − fc )

(4)

Where a0K(E) is the absorption coeﬃcient without bandﬁlling and (f v − fc) is the band-ﬁlling factor.21,27,28 This
contribution of band-ﬁlling has also been recognized in
experiments as being necessary to accurately ﬁt photoluminescence spectra under high level injection.29,30 We
suggest that this contribution is also important for systems
with large band tails, and as an example, we have used this
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Figure 1. Eﬀects of band tailing on photovoltaic limiting eﬃciencies: (a) The spectral absorbance of a photovoltaic cell with a bandgap of Eg
= 1.5 eV and a thickness α0 L = 1 plotted for various Urbach parameters (γ) in units of kT. The dashed line represents the step function
absorbance typically used in the Shockley−Queisser (S-Q) limit. (b) The detailed balance eﬃciencies as a function of the bandgap energy.
Diﬀerent colored lines correspond to diﬀerent Urbach parameters, with the coloring scheme equal to the legend shown in panel a.

Figure 2. Eﬀects of band tail states on photoluminescence: (a) The normalized spectral photoluminescence (dashed line) of a photovoltaic
cell operating at the radiative limit under 1 sun AM 1.5G illumination for increasing Urbach parameter (γ) with an oﬀset included for clarity.
The corresponding absorbance (solid line) and eﬀective distribution of bandgaps (dotted line) is also plotted, where they are normalized to
their peak value. (b) Schematic depiction of the density of states proﬁle along with carrier excitation and recombination; γ describes the
eﬀective width of the band tail. For small band tailing (γ < kT), the eﬀect of band tailing is to simply broaden the luminescence peak. For
systems with large band tailing (γ > kT), the luminescence shifts to energies below the nominal absorption band edge.

modiﬁed reciprocity relation to ﬁt the electroluminescence
spectrum of a-Si:H which the Rau reciprocity relation3,31 was
previously unable to ﬁt completely (see Figure S1).
Photovoltaic Ef ficiency Limit for Semiconductors with Band
Tails. By using the generalized Planck’s law (eq 2) and
accounting for band ﬁlling (eq 4), we can calculate the detailed
balance limit for photovoltaic eﬃciency with band tails in the
radiative limit (see Sections S1 and S2 in the Supporting
Information). In Figure 1, we consider the case of a band tail
parametrized as an exponential Urbach tail and analyze the
eﬀects of varying the Urbach parameter. While the spectral
response of this modiﬁed absorbance appears to be similar to
the step function response originally used by Shockley and

Queisser (black dashed line), the maximum achievable
eﬃciency drops rapidly from the Shockley−Queisser limit for
Urbach parameters larger than the thermal energy, kT. These
eﬀects are relatively insensitive to the choice of bandgap and
thickness (see Figures S2 and S3), and Figure S2 suggests the
eﬃciency drop is primarily due to a voltage loss mechanism.
To analyze the cause of the voltage loss, we examine the
luminescence spectrum by using eq 2 and plot these spectra for
various Urbach parameters (Figure 2a). In addition, we plot
the distribution of bandgaps P(Eg) = ∂EAbs|E=Eg proposed by
Rau et al.3 recently, which generalizes the deﬁnition of the
photovoltaic bandgap for arbitrary absorbance spectra. While
the luminescence spectrum is narrow and overlaps signiﬁcantly
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Figure 3. Generalized voltage losses parametrized as a two-bandgap absorber: (a) Schematic depiction representing a general absorbance
and luminescence spectrum as a simpler two-bandgap step function absorbance. Black solid lines are the absorption spectrum, whereas the
red dashed line corresponds to the bandgap distribution P(Eg). Blue dashed lines correspond to the luminescence spectrum SPL. Typically,
aSG ≪ 1, which is not visible on a linear scale but still contributes to the luminescence spectra because of carrier thermalization. (b)
Calculated voltage loss ΔVoc = Voc,SQ(Eg,Abs) − Voc,rad versus observed bandgap shift ΔEg = Eg,Abs − Eg,PL, normalized to the energy scale kT ln
(aAG/aSG). Every plotted point corresponds to a diﬀerent absorption spectrum, with Voc,rad calculated using the complete absorption spectra
and the full reciprocity relations. The dashed line represents the two-bandgap model, i.e., where we have chosen aS̅ G/a̅AG = 0.1.

with the absorption edge for γ < kT, this is not the case for γ >
kT. In this limit, the luminescence spectrum is signiﬁcantly
broadened and shifts away from the absorption band edge and
suggests the deﬁnition of a second bandgap, deﬁned by the
luminescence spectra. This idea is schematically depicted in
Figure 2b, where the absorption bandgap is deﬁned as before,
i.e. P(Eg,Abs) = max(PEg), while the second bandgap Eg,PL is
deﬁned by the luminescence spectra SPL. We note that this
analysis is modiﬁed signiﬁcantly with the inclusion of bandﬁlling eﬀects, which we describe in Sections S3 and S4 and
Figures S4 and S5. We also observe the eﬀects of broadening
followed by luminescence spectral shifts in band tails
parametrized by a Gaussian band tail (Figure S6), where the
onset of eﬃciency loss occurs at approximately γ = 2kT
instead.
Generalized Voltage Loss for Semiconductors with Nonabrupt
Band Edges. The similarity between the eﬀects of broadening
followed by luminescence shifting for increasing band tail
energies suggests a general picture for the voltage loss
mechanism, for any band tail functional form. A general
trend is the observation of a Stokes shift, i.e., the shift between
the absorbance and luminescence spectra, that occurs precisely
at the onset of eﬃciency loss. However, it is unclear whether
the voltage loss is just directly proportional to the observed
Stokes shift, ΔEg.
To develop an understanding of this loss mechanism, we
consider a simpler absorbance spectrum as a two-bandgap
model, represented by the sum of two step function
absorbances:
a(E) = a1θ(E − Eg,1)θ(Eg,2 − E) + a 2θ(E − Eg ,2)

bandgap, i.e. that deﬁned by absorption, is given by Eg,2, while
Eg,1 deﬁnes the luminescence bandgap. The SQ limit is
recovered in the limit that Eg,2 → Eg,2 or a1 → 0. By varying a1
and Eg,1 and ﬁxing Eg,2 to 1.34 eV and a2 = 1, we can analyze
the eﬀects of this simple model as we deviate from the SQ limit
(see Section S5 and Figure S7 for more details). Interestingly,
we ﬁnd qualitatively similar eﬀects of voltage and eﬃciency loss
in this absorbance model compared to the full eﬀects of the
Urbach band tail, albeit parametrized by a1 and Eg,1 instead of
the Urbach parameter γ. However, we also ﬁnd that the
quantitative bandgap-voltage relation can be signiﬁcantly
aﬀected by the actual functional form used to more accurately
model the band tail state distribution, as illustrated in Figure 3.
Nonabrupt band edge absorbances can be mapped onto the
two-bandgap model, and therefore, there is a general relation
that explains the voltage loss mechanism for any absorbance
spectrum given by
ΔVoc,rad =

a ̅ yzz
kT ijj aSG
ji ΔEg zyz
zz
zz + 1 − SG
lnjjj ̅ expjjj
z
j kT z
q jk aAG
aAG
̅
̅ z{
k
{

(6)

where aS̅ G is the weighted subgap absorbance and aA̅ G is the
weighted above-gap absorbance; ΔEg = Eg,Abs − Eg,PL describes
the observed Stokes shift between the absorption and
luminescence (see deﬁnitions in Section S6). Here, ΔVoc,rad
is a voltage loss due purely to the nonabruptness of the
absorption spectrum, for a semiconductor with assumed unity
radiative eﬃciency. More generally, although nonradiative
losses parametrized by a nonunity external radiative eﬃciency
have not been accounted for (see some discussion of radiative
eﬃciency eﬀects in Section S7), band edge nonabruptness by
itself can contribute signiﬁcantly to voltage loss. Indeed, eq 6
results in no net voltage loss as ΔEg → 0 and suggests that a
ﬁnite Stokes shift should be directly correlated to a voltage
loss. The magnitude of the voltage loss is scaled by the ratio

(5)

Here, a1 and a2 are the subgap and above-gap absorbances,
respectively, while θ(E − Eg) is the Heaviside step function,
typically considered in the SQ analysis. The photovoltaic
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aS̅ G/aA̅ G, and clearly as the ratio approaches 0 or 1, eq 6
recovers the appropriate losses of 0 and ΔEg/q, respectively.
To observe whether this two-bandgap model can quantitatively describe the more complex band edge functional forms
seen in experiments, we choose appropriate deﬁnitions for aS̅ G/
aA̅ G and Eg,PL and use Rau’s deﬁnition for Eg,Abs (see more
details in Sections S6 and S8 and Figure S9). We consider both
power law band edges, as a parametrization of indirect band
edges, as well as exponential band tails. We ﬁnd reasonable
qualitative agreement but quantitative disagreement between
the calculations utilizing the full absorbance spectra and that
given by eq 6 (Figure 3b), suggesting that the two-bandgap
model is a reasonable ﬁrst-order representation of the voltage
loss mechanism, but importantly, consideration of the actual
band tail functional form yields more accurate results.
Furthermore, we ﬁnd that the dimensionless parameter ξ =
ΔEg/(kT ln(aA̅ G/aS̅ G)) describes the physical regime of voltage
loss. Generally, for ξ < 1, voltage loss is minimal because the
emission spectrum can be considered as simply a broadening
of a single photovoltaic bandgap. In this regime, the eﬃciency
penalty is negligible and generally the detailed balance
eﬃciency limit for Eg,Abs can be achieved given suﬃcient
absorption above the photovoltaic bandgap. However, for ξ >
1, it is appropriate to deﬁne a second bandgap given by the
emission spectrum (Figure 3a), resulting in a substantial
voltage and eﬃciency penalty due to additional thermalization
losses. Thus, the tuning of the band tail parameter γ merely
sweeps through diﬀerent values of ξ, and we ﬁnd that ξ > 1 is
equivalent to γ > kT in the case of an Urbach tail (see Section
S5). The discrepancy in eq 6 for large ξ can be attributed to
neglecting higher-order terms (see Section S6).
The correlation between the magnitude of the bandgap shift
(i.e., ΔEg) and open-circuit voltage has already been recognized
in the organic photovoltaics literature, where the presence of
low-energy charge-transfer states generally results in cells with
a lower voltage and eﬃciency.20,32−35 Here, we have developed
a uniﬁed picture with an arbitrarily shaped band tail, and by
explicitly including band-ﬁlling eﬀects, for both large and small
band tails, the voltage loss mechanism can be qualitatively
captured with a simple two-bandgap model. In addition, by
extracting the weighted absorbance ratios, aA̅ G/aS̅ G, we can
estimate the voltage losses in the radiative limit using eq 6. We
therefore suggest that any radiative transition below the
photovoltaic absorption edge Eg,abs, measurable in luminescence measurements, should result in an eﬃciency penalty.
This eﬃciency penalty can be viewed as either stemming from
a voltage penalty, due to carrier thermalization within the band
tails, or equivalently interpreted as being due to incomplete
absorption at the lower-energy transition.
To emphasize the implications of these results for various
photovoltaic technologies, we have calculated the predicted
voltage losses due to a nonabrupt band edge for several
diﬀerent material systems and plotted experimentally measured
values for these in Figure 4 (see Table S1 for references and
individual data points).14,20,22 Because Urbach parameters are
much more commonly reported than both high-sensitivity
EQE and EL spectra, we have used the observed Urbach
parameters to calculate the voltage loss directly rather than
through eq 6. As expected, we ﬁnd that semiconductors with
large band tails (γ > kT) or equivalently, large Stokes shifts
(ΔEg ≫ kT) have a substantially modiﬁed maximum
achievable Voc, which should be assessed when examining
their eﬃciency potential (e.g., CIGS, a-Si, kesterites, and
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Figure 4. Voltage loss due to a nonabrupt band edge: Expected
open-circuit voltage loss as a function of the observed Urbach
parameter γ, plotted for diﬀerent materials. The top and bottom
black solid lines represent the calculated voltage loss assuming a
bandgap of 2.2 and 0.8 eV, respectively. The gray area between the
lines represents the voltage loss expected for bandgap values
between 0.8 and 2.2 eV, which correspond to most of the materials
considered for photovoltaics. The colored data points indicate the
expected voltage loss for an experimentally measured Urbach
parameter. The dashed line corresponds to the region of the inset,
where the voltage loss is minimal and approximately the same
irrespective of bandgap.

OPVs). It should be noted that a more accurate calculation can
be made by using the directly measured EQE and EL spectra
for a given device.
The analysis presented here should be applicable to any
system with nonabrupt band edges that obeys the optoelectronic reciprocity relations and should be employed to evaluate
the radiative limits on the open-circuit voltage. We
demonstrated here that the voltage dependence of the
absorbance or EQE, speciﬁcally via band ﬁlling, must be
included to self-consistently apply the generalized Planck’s law
for semiconductors. We also suggest that in order to accurately
estimate eﬃciency limits, the abruptness of the band edge
should be experimentally characterized by measuring both the
absorption and luminescence spectra of photovoltaic materials,
and in a completed photovoltaic device, photocurrent and
electroluminescence spectra should be used to assess the
eﬀects of transport on the reciprocity relations. The magnitude
of the voltage loss can then be estimated directly from the
spectroscopic measurements by applying reciprocity relations.
Additional experimental details and nonidealities for a given
photovoltaic material or device may modify the maximum
eﬃciency potential even further, such as reduction in the
external radiative eﬃciency or the ﬁnite mobility of charge
carriers. However, our analysis suggests the important role that
band edge abruptness and band ﬁlling can play in deﬁning the
limit on open-circuit voltage and eﬃciency potential of
emerging and established photovoltaic materials.
Joeson Wong orcid.org/0000-0002-6304-7602
Stefan T. Omelchenko orcid.org/0000-0003-1104-9291
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